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LETTER TO THE EDITOR

Higher-dimensional integrable systems from multilinear
evolution equations

Jens Hoppge
Institut fur Theoretische Physik, ETHadtggerberg, CH 8093iich, Switzerland

Received 23 May 1996

Abstract. A multilinear M-dimensional generalization of Lax pairs is introduced and its
explicit form is given for the recently discovered class of time-harmonic, integrable, hypersurface
motions iNRM+1,

In [1] the explicit form of a triple(L, M1, M>), depending on two spectral parameters
and four time-dependent functions(z, ¢!, ¢?, ¢®) from a three-dimensional Riemannian
manifold ¥ to R was given such that (with a hon-dynamical density oR)

1 aL oMy OM>

L = —&wsu (1)
p 0t d¢" d¢*
is equivalent to the equations
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describing the integrable motion of a hypersurfacén R* whose time-function (the time
at which X reaches a point € R*) is harmonic [2].
The purpose of this letter is to give the explicit generalization of this construction to an
arbitrary number of dimensiong/ (= dimX). Let
71 =x1+ixp Z2=x3+ix4a .... (3)
ForevenM (= 2m) one may take
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depending om: spectral parameters,, andN = M +1 functionsx; (¢, ¢*, ..., ™); letting
1
{flv---sfM} = mgrl..-rManfL--aerM (5)
L = {L7 M19 M21 ...,Mszl} (6)

t Heisenberg Fellow. On leave of absence from Karlsruhe University.

0305-4470/96/150381+03$19.5@C) 1996 IOP Publishing Ltd L381



L382 Letter to the Editor

will then be equivalent to the equations of motion (as abdyedenoting the complex
conjugate ofz,)
i

m—1
Z.a = -l (2> {Zav Za+1, ZaJrlv ceey Za—1, zafla xN}

i m
XN = <2> {Z11 219 ey Zmo Em} .

For odd M (= 2m + 1), rather than giving a particular form df, My, ..., M,, that
would make

()

L={L,M,..., My} (8)
equivalent to the equations of motion
i n—1
Zg = —i (2) {Zas Zat1s Zat1s - - - Za—1, Za—1} a=1....n=m+1 9)
let me in this case stress the simple general nature of the construction: think of
z zZ
L =Lz + Lot 4+ Ly-1Anzy + Ly (10)
)\1 )"n
and likewiseMq, ..., M,,,, asN = 2n-dimensional vectord., My, ..., M>,, in a vector
spaceV with basisiizs, ..., zZ,/A,. The desired equivalence of (8) with (9) may then be
stated as the requirement that
i n—1 .
det(L, M]_Mg...Mgmej') =—i <2> L-ej (11)

wheree; = (0---010---0)' and
L=(Ly,L1,LaLa,...,Ly,Ly-1). 12)

Multiplying (11) with the jth component ofL (or any of theM'’s), and summing over
J, one finds that all 2 + 1 vectorsL, M, ..., M5, have to be perpendicular tb; in
particular

L-L=2(LiLy+...+Ly_1Ly)=0. (13)
Choosing My, ..., M, to be also perpendicular td, the only remaining condition,
obtained by multiplying (11) by.; (and summing), becomes-(denoting the projection
onto the 2 — 2 = 2m-dimensional orthogonal complement of t!ief;-plane)

det(its. ... W) = - ('2)1 (14)

which exhibits the large freedom in choosing thé’s (for fixed L). Similar reasoning
applies directly to the real equations (cp [2])

X = ﬁeiil...m{xip ces Xy ) (15)
the ansatzZ. = Z,N=1 Lix;, M1 =) My;x;, ... immediately implies
N
Y LZ=0 (16)
i=1
making L', € N, a harmonic polynomial oft,...,xy (while its integral is time-

independent, due to (6) and (8)), irrespective of whetifeis odd or even.
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